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Abstract
The longitudinal evolution of a low energy phonon pulse in superfluid helium
4He is analysed theoretically. The phonons are considered to be strongly
interacting and are described by the exact local equilibrium distribution
function. The theory describes how the longitudinal pulse shape develops. We
find that the temperature change in the pulse is determined by a simple running
wave which moves with a velocity very close that of the sound velocity. This
results in only a small variation of the pulse length as the pulse propagates.
This is in contrast to the case of a non-interacting phonon pulse, which shows
considerable dispersion. The details of the phonon pulse deformation depend
on whether the pulse contains phonons with relatively high energies or not. The
higher energy phonons cause the single wave to eventually break at both the
front and back of the pulse. Without these high energy phonons, the pulse only
breaks at the front. We find that, in the first approximation with respect to the
small parameters of the problem, the anisotropic nature of the phonon pulse is
conserved as it propagates.

1. Introduction

It has been a long standing problem that a short pulse of phonons in liquid helium, at zero bar,
propagates at a constant velocity and does not show the dispersion of velocities that might be
expected from the measured non-linear dispersion curve. Moreover, the velocity is that of the
usual sound velocity. The variation in the group velocity, derived from the measured ε(p), is
∼10% [1] and this would lead to a similar variation in propagation times. Over 15 mm, the
propagation time for a short pulse, say 100 ns, would vary between 57 and 63 µs.

In this paper we analyse the propagation of a strongly interacting pulse of phonons. We
show that this is the correct description for low energy phonons in liquid helium at 0 bar,
because of the strong three-phonon scattering of these phonons. We then find that these
phonons propagate at a single velocity without dispersion, and that this velocity is very close
to the ultrasonic velocity. The length of the pulse only changes a little. However, the analysis
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shows that the pulse shape changes on propagation and can cause the pulse to break. This is
a slow change, but it should be detectable, after a propagation distance of 15 mm, with a fast
detector.

The analysis raises an interesting question concerning the interaction rate of phonons in
the energy range 8.5–10.0 K. These phonons cannot interact by a three-phonon process but
can interact by non-number conserving multiphonon processes. If the interaction rate is fast
enough, these phonons should be included in the interacting pulse. However, this radically
changes the phonon distribution function compared to the case where they are not included,
but only causes a small change in the velocity of the pulse. We suggest ways to decide whether
these phonons should be included or not.

The thermodynamic and kinetic properties of isotropic and weakly anisotropic phonon
systems in liquid 4He have been studied since the pioneering work of Landau [2]. But in
liquid 4He it turns out to be possible to create a strongly anisotropic quasiparticle systems
such as phonon pulses [3–6]. Strongly anisotropic phonon systems can be created by a short
(tp < 10−6 s) current pulse in a thin film metal heater immersed in superfluid 4He. The total
momentum of such a phonon system is directed along the perpendicular to the heater surface,
and the phonon distribution function has a strong anisotropy in momentum space. At first,
the phonon pulse is localized near the heater, with transverse dimensions similar to that of the
heater, and a longitudinal dimension lp determined by duration of the heater pulse tp, i.e. lp = ctp
where c is the sound velocity in 4He, c = 238 m s−1. At a low temperature (T < 0.05 K) the
thermal excitations in 4He can be neglected and the evolution of a phonon pulse is determined
by the strong and anisotropic interactions and the phonon energy–momentum relationship.
The energy ε can be written as

ε = cp (1 + ψ(p)) , (1)

where p is the phonon momentum. The function ψ(p), in spite of its smallness, determines
the possible mechanisms of phonon relaxation [7, 8].

Phonons with momentum p < p(∞)
c , where the superscript denotes the number of phonons

created in a spontaneous decay process, are known as �-phonons. When the function ψ(p) is
positive, a phonon can decay to many phonons. However phonons with momentum p > p(∞)

c

(h-phonons) are stable against spontaneous decay, because the function ψ(p) is negative in
this region of momentum. At the saturated vapour pressure (SVP), cp(∞)

c /kB = 10 K [9, 10].
The decay threshold p(n)c depends on n, the number of phonons released in spontaneous

decay. At the SVP, the three-phonon threshold momentum is cp(2)c /kB = 8.5 K [9]. The
three-phonon process (3pp) rate has been calculated for both isotropic and anisotropic phonon
systems over the whole region of allowed momentum [11]. The rates for such multiphonon
processes (n > 2) have not been calculated. But these rates are expected, both from theoretical
consideration [12] and from the experimental data [13], to be smaller than the 3pp rate.

According to [11] the characteristic time τ3pp for three-phonon processes is much less
than all other times in the problem, in particular τ3pp � tp. Therefore, phonons with momenta
p < p(2)c attain local equilibrium practically instantaneously. For phonons with momenta, in
the range p(2)c < p < p(∞)

c we consider both possibilities; first when all �-phonons are in
equilibrium and secondly when only phonons with momenta p < p(2)c are in equilibrium.

For phonons with momenta p > p(∞)
c , the quickest process is the four-phonon process

(4pp) in which the number of phonons is conserved. The characteristic time τ4pp for such
processes has been calculated in [14]. It turns out that these h-phonons form a very weakly
interacting phonon system of practically ballistic phonons.

The phenomenon of the creation of h-phonons by the �-phonon pulse and its subsequent
evolution are described in [15, 16]. In this paper we consider the evolution of the �-phonon



Longitudinal evolution of a phonon pulse in liquid 4He 2861

pulse and neglect the creation of h-phonons. It is always possible to create an �-phonon pulse
of sufficiently low temperature that the creation of h-phonons is negligible [16].

2. Quasiequilibrium distribution function of the anisotropic phonon system

After a time of order of magnitude τ3pp, which is much smaller than the other characteristic
times of the problem, the local equilibrium distribution function, for phonons with momenta
less than p(2)c , becomes the Bose–Einstein distribution function, involving the drift velocity u
and temperature T :

nu =
[

exp

(
ε − pu

kBT

)
− 1

]−1

. (2)

Usually phonon systems are considered to be practically isotropic which corresponds
to small drift velocities, u � c. For strongly anisotropic phonon systems, created in
experiments [3–6], u is of the order of magnitude of c. In this case it is possible to rewrite
the local equilibrium distribution function (2) for the anisotropic phonon system, using (1), as
follows:

nu =
[

exp

(
cp

kBT
(χ + ψ(p) + ζ(1 − χ))

)
− 1

]−1

, (3)

where ζ = 1 − cos θ ; θ is the angle between the momentum of phonon p and the direction of
the drift velocity s = u/u, and χ = 1 − u/c.

The function ψ(p), which characterizes the relative deviation of the phonon energy–
momentum relation from a linear dependence, can be written in the form [14]

ψ(p) = γ

(
p

p(∞)
c

)2

1 −

(
p

p(∞)
c

)2

 , (4)

where γ = 0.185.
From the necessary condition that nu � 0, we see from (2) that u � ε/p. So for a system

which only has phonons with p < p(∞)
c with no h-phonons or rotons, see [17], we have u < c.

For strongly anisotropic phonon systems when the value of parameter χ is an order of the
magnitude smaller than the function ψ(p), the distribution function of phonons (3) depends
essentially on the function ψ(p), i.e. on the deviation of the phonon dispersion from linearity.
As ψ(p) decreases at large momenta, there may appear additional maximum in the phonon
energy distribution at large momenta, if the temperature is high enough.

Figure 1 shows the distribution of the phonon energy as a function of phonon momentum
for a strongly anisotropic phonon system with parameters χ = 0.02 and T = 0.04 K at ζ = 0
(solid line) and at ζ = 0.01 (dashed line). The chosen typical values of parameters χ and
T for the strongly anisotropic phonon system correspond to the same energy and momentum
densities as in the cone approximation, when a cone is cut out of the isotropic Bose–Einstein
distribution in momentum space. The cone angle is taken to be equal to the characteristic angle
of the 3pp scattering, ζp = 0.02, and the temperature of the isotropic Bose–Einstein distribution
is Tp ∼ 1 K. Phonons emitted by a solid heater rapidly relax and form an anisotropic phonon
system which can be approximately described by this cone distribution. This can be taken
as the initial condition for the kinetic equation. As a result of phonon–phonon interactions,
phonons with momenta p < p(∞)

c have a local equilibrium with distribution (3). This has
the same energy and momentum densities as the injected distribution because phonon–phonon
interactions conserve these quantities.
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Figure 1. The distribution of the phonon energy as a function of phonon momentum p for a
strongly anisotropic phonon system with parameters χ = 0.02 and T = 0.04 K in directions ζ = 0
(solid line) and ζ = 0.01 (dashed line). To compare, the dash–dotted line represents the energy
distribution for the isotropic Bose–Einstein distribution with temperature T = 1 K.

In a strongly anisotropic phonon system, the angular distribution of the phonon energy is
characterized by a strong maximum in the forward direction. This can be seen by comparing
the distribution of the phonon energy as a function of phonon momentum at ζ = 0.00 and
0.01 in figure 1 (the solid and dashed lines respectively). It should be noted that the group of
phonons with momenta close to p(∞)

c is characterized by sharper angular distribution than the
rest of the phonons.

The momentum distribution of phonons in the cone approximation, with a Bose–Einstein
distribution, with ζp = 0.02 and Tp = 1 K, is shown in figure 1, dash–dotted line. We see that
this distribution differs markedly from figure 1, solid line, especially at high phonon momenta.

3. The equations that describe the evolution of the anisotropic phonon pulse

We now derive the equations that describe the evolution of a phonon pulse in the superfluid
vacuum of 4He. They are determined by the equations which express the conservation of
energy and momentum which give the following continuity equations:

∂E(r, t)

∂ t
+
∂QE(r, t)

∂r
= 0, (5)

∂Pi (r, t)

∂ t
+
∂Qi j(r, t)

∂r j
= 0 (6)

where E(r, t) and QE (r, t) are the phonon energy density and energy flux respectively, and
Pi (r, t) and Qi j(r, t) are the phonon momentum density and momentum flux respectively.

The phonon energy density E(r, t) is determined by the solution of the kinetic equation
for the phonon distribution function n = n(p, r, t) as follows:

E(r, t) =
∫

d� εn; (7)

the vector of the energy density flux is

QE (r, t) =
∫

d� ε
∂ε

∂p
n; (8)
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the phonon momentum density is

P(r, t) =
∫

d� pn; (9)

and the tensor of phonon momentum density flux is

Qi j (r, t) =
∫

d� pi
∂ε

∂p j
n, (10)

where d� = d3 p/(2π h̄)3.
In the approximation of instant �-phonon relaxation, and neglecting all dissipative

processes, the local equilibrium distribution function n, appearing in equations (7)–(10), is
the distribution function of the anisotropic phonon system, nu , equation (3), which makes the
collision integral for phonons equal to zero.

Substituting equation (1) into expression equation (7) we obtain for the phonon energy
density

E = [1 + 〈ψ(p)〉] E0, (11)

where we write

E0 =
∫

d� cpnu, (12)

and the energy average of an arbitrary function F = F(p, r, t) is defined as

〈F〉 =
∫

d� cpnu F/E0. (13)

As the total phonon momentum is directed along the drift velocity u, we find from
equation (9)

P = [1 − 〈ζ 〉] sE0/c. (14)

Substituting equation (1) into (8) and taking into account that the total energy density flux
is also directed along the drift velocity u, and neglecting the squared terms with respect to the
small parameters 〈ψ(p)〉 and 〈ζ 〉, we obtain an equation for the energy density flux:

QE = [
1 + 〈ψ(p)〉 +

〈
(pψ(p))′

〉− 〈ζ 〉] sE0c (15)

where the prime denotes differentiation with respect to p. Taking into consideration the
symmetry of equation (10),we write the general expression for the tensor of phonon momentum
density flux as

Qi j = Aδi j + Bsi s j , (16)

where A and B are scalar quantities.
To determine these quantities, we multiply equation (16) by the Kronecker function δi j

and sum over indexes, and find

3A + B = Qii . (17)

By multiplying equation (16) by si s j and summing over indexes, we find the second
relation

A + B = Qi j si s j . (18)

Solving the system of equations (17) and (18) we have

A = 1
2 (Qii − Qi j si s j ), (19)

B = 1
2 (3Qi j si s j − Qii ). (20)
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By calculating the sums in equations (19) and (20) in the same approximation as was
used for the energy density flux, we obtain the following expression for the tensor of phonon
momentum density flux:

Qi j = 〈ζ 〉E0δi j +
[
1 +

〈
(pψ(p))′

〉− 3〈ζ 〉] E0si s j . (21)

Using the local equilibrium distribution function (3) it is possible to integrate explicitly
over the angular variables in equation (12). For strongly anisotropic phonon systems, we can
neglect the exponentially small number of phonons which move backwards, and so substituting
ζmax = ∞ for ζmax = 2, we obtain

E0 = − kBT

4π2h̄3(1 − χ)

∫ pc

0
d p p2 ln

[
1 − exp

(
− cp

kBT
(χ + ψ(p))

)]
. (22)

Using equations (13) and (22), we obtain an expression for the average of any function
which depends on the modulus of momentum, f = f (p):

〈 f (p)〉pc =
∫ pc

0 d p p2 f (p) ln
[
1 − exp

(
− cp

kB T (χ + ψ(p))
)]

∫ pc

0 d p p2 ln
[
1 − exp

(
− cp

kB T (χ + ψ(p))
)] . (23)

Here the subscript pc, on average, corresponds to the upper limit of integration over
momentum p, for those phonons which are in local equilibrium with the distribution
function (3). We will use this notation when we need to emphasize the dependence of the
average on some critical momentum pc.

The expressions in equations (22) and (23) are determined by the dependence of the
phonon energy density E and the averages 〈ψ(p)〉 and 〈(pψ(p))′〉 over the parameters χ and
T of the local equilibrium distribution function of the anisotropic phonon system.

The average 〈ζ 〉, which characterizes the angular width of the anisotropic phonon system,
is found by carrying out the integration over the angular variables in equation (13). It can be
expressed through the value χ and the average 〈(pψ(p))′〉:

〈ζ 〉p(2)c
= 〈ζ 〉p(∞)

c
= 1

2(1 − χ)

{
χ + 〈(pψ(p))′〉p(2)c

}
. (24)

For the limiting case of small temperatures T and not very small χ in equations (22)
and (23), we can neglect the dispersion as the deviation ψ(p) is in the exponent. Then it is
possible to integrate over momentum p explicitly by substituting infinity for the upper limit
of integration pc. We find

E = π2k4
BT 4

180h̄3c3(1 − χ)χ3
, (25)

〈(pψ(p))′〉 = 3〈ψ(p)〉 = 36γ k2
BT 2

c2 p2
cχ

2
. (26)

These approximate formulae are valid if the average 〈ψ(p)〉, given by equation (26), is small
with respect to value χ . For this limiting case, in accordance with equation (25), the energy
density of an extremely anisotropic phonon system depends strongly on the value ofχ , which is
determined by the angular width of the phonon pulse (see equation (24)). The energy density
increases with decreasing χ . Therefore small values of χ , which correspond to strongly
anisotropic phonon systems, require low temperatures T , compared to that for an isotropic
phonon system, to obtain the same energy density.

We see from figure 1 that the phonon quasiequilibrium distribution function for the strongly
anisotropic phonon system (3) is almost equal to zero at high momenta. However for the small
region near the critical momentum p(∞)

c , whereψ(p) approaches zero, the distribution function
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Figure 2. The dependence of the energy density E for the strongly anisotropic phonon system
on temperature T at different values χ = 0.01 (dashed line) χ = 0.02 (solid line) and χ = 0.03
(dash–dotted line). The dotted line represents the asymptotic T 4 behaviour for χ = 0.03.

can be large. The contribution of these phonons to the energy can be approximately calculated
by using the fact that the distribution function nu , equation (3), changes rapidly near p(∞)

c .
By integrating over p in equation (22) we obtain for the addition to the phonon energy

density

�E = E p(∞)
c

− E p(2)c
= (p(∞)

c )2k2
BT 2

4π2ch̄3(1 − χ)(p(∞)
c |ψ ′

p(∞)
c

| − χ)
exp

(
−cp(∞)

c χ

T

)
. (27)

Similarly, integrating over p in equation (23) we find the contribution of the phonons with
momenta close to p(∞)

c , to the average of 〈(pψ(p))′〉:
�〈(pψ(p))′〉 = 〈(pψ(p))′〉p(∞)

c
− 〈(pψ(p))′〉p(2)c

= −p(∞)
c |ψ ′

p(∞)
c

|�E

E
. (28)

The average 〈ψ(p)〉 is not affected by phonons with momenta close to p(∞)
c because ψp

approaches zero at p = p(∞)
c . The contribution of these phonons to 〈ζ 〉 can also be neglected,

because from equation (24), phonons with momenta close to p(∞)
c are concentrated within a

small range of angles so they do not contribute appreciably to the angular average 〈ζ 〉.
It should be noted that the expressions (27) and (28), describing the contribution of

phonons with momenta close to p(∞)
c to the energy density E and the average 〈(pψ(p))′〉,

grow exponentially with increasing temperature T and decreasing χ .
Figure 2 shows the dependenceof the energy density E for the strongly anisotropic phonon

system on temperature T at different values χ = 0.01 (dashed line), χ = 0.02 (solid line) and
χ = 0.03 (dot–dashed line) calculated from equation (22). When the temperature T increases
from very small values, the energy density E increases as T 4 (see equation (25), dotted line).
At higher values of T , the energy density grows much more slowly with T , due to the effect
of temperature T in the exponent of equation (22).

Figure 3 shows the temperature dependence of the averages 〈(pψ(p))′〉p(2)c
(solid line),

〈(pψ(p))′〉p(∞)
c

(dashed line) and 3〈ψ(p)〉 (dash–dotted line) at χ = 0.02. When the

temperature T increases from zero, all these averages increase as T 2 in accordance with
the limiting case equation (26). At higher temperatures, the averages increase much more
slowly for the same reason as for the energy density E . At large enough temperatures, the
average 〈(pψ(p))′〉p(∞)

c
reaches a maximum after which it decreases,deviating from the average

〈(pψ(p))′〉p(2)c
due to the negative value of �〈(pψ(p))′〉, described by equation (28).
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Figure 3. The dependence on the temperature T of the averages 〈(pψ(p))′〉
p(2)c

(solid line),

〈(pψ(p))′〉
p(∞)

c
(dashed line) and 3〈ψ(p)〉 (dash–dotted line) at χ = 0.02.

The average 〈ζ 〉, which characterizes the angular width of the strongly anisotropic phonon
system, in the range of T andχ under consideration, in accordance with equation (24),increases
monotonically both with increasing temperature T and χ .

4. Longitudinal evolution of the phonon pulse

In this section we develop equations which enable us to calculate the longitudinal evolution of
the phonon pulse. In the experiment [6] the phonon system, created in the superfluid 4He, has
transverse dimensions much larger than the longitudinal dimension. These are determined by
the heater dimensions and the heater pulse duration respectively. It is of interest to consider
the pulse evolution, determined by the spatial non-uniformity of the local equilibrium values
T and χ in the direction of pulse propagation, the axis z.

We consider the case when all the values which characterize the pulse depend only on the
coordinate z and time t . The drift velocity u is initially directed along the axis z. The x- and
y-components of momentum (6) are conserved identically, if sx = sy ≡ 0, i.e. the drift velocity
remains directed along the axis z. The laws of conservation of energy (5) and z-component of
momentum (6), taking into account equations (14), (15) and (21), have the form

∂E

c∂ t
+
∂

∂z

[(
1 + 〈(pψ(p))′〉 − 〈ζ 〉) E

] = 0, (29)

∂

c∂ t
[(1 − 〈ψ(p)〉 − 〈ζ 〉) E] +

∂

∂z

[(
1 + 〈(pψ(p))′〉 − 2〈ζ 〉 − 〈ψ(p)〉) E

] = 0, (30)

where we have eliminated E0, using equation (11), from the expressions for the momentum
density (14), and the fluxes (15) and (21).

The system of equations (29) and (30) should be accompanied by the expres-
sions (11), (22)–(24) and (28) which determine the dependence of the phonon energy density
and the averages on the independent values χ and T . These relations, combined with the
initial conditions for the values of χ and T , define the longitudinal evolution of the strongly
anisotropic phonon system.

Making a Galilean transformation to the coordinate frame (t ′, z′), which moves with
velocity c along the axis z, and subtracting equation (30) from (29), we obtain the system of
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equations
∂E

c∂ t ′ = − ∂

∂z′ (αE) , (31)

E
∂δ

c∂ t ′ = 0, (32)

where we introduce α and δ which are small values of the same order of magnitude

α = 〈(pψ(p))′〉 − 〈ζ 〉, (33)

δ = 〈ψ(p)〉 + 〈ζ 〉, (34)

and we have transformed equation (32) taking into account equation (31) and neglecting terms
with higher powers of small parameters.

We may say that equation (31) defines the deformation of the energy density E in the
frame moving with sound velocity c, and equation (32) determines the rate of change of this
deformation.

We can estimate the characteristic time τ of the energy density deformation,by considering
that all values have the same characteristic scale of spatial change along the z-axis, l ∼ ctp.
Then from the left- and right-hand side parts of equation (31) we obtain

τ ∼ 1

α
tp. (35)

For typical values α ∼ 0.01 and tp ∼ 10−6 s we find τ ∼ 10−4 s. During this
time, the �-phonon pulse moving with the sound velocity c = 238 m s−1 travels a distance
ltr ∼ cτ ∼ 24 mm.

We estimate the propagation distance over which the quadratic terms α2, which were
neglected in equation (31), can influence the shape of the pulse. We find that even for the
shortest pulse duration, tp ∼ 10−7 s, ctp/α2 ∼ 240 mm. This distance is much longer than
the maximum distance used in experiments [6], so we can neglect such quadratic terms in
equation (31).

We have a different situation with equation (32). In this case, including the quadratic
terms in the rhs of equation (32) gives the value τ , equation (35), for the characteristic time
for change of δ. Therefore the formal solution of equation (32), δ = const, is only valid as
long as the energy density and all the other values do not change significantly.

The initial conditions for the values χ and T are not known independently from the
experiment [6]. So let us consider the simplest reasonable assumption that χ = const initially.
Assuming that the initial profile of the energy density E is bell shaped, we obtain the same
type of profile for the temperature T , because the dependence between T and E is monotonic.

Supposeχ is constant not only initially, but also at subsequent times. We will show that in
the linear approximation with respect to the averages 〈ψ(p)〉 and 〈ζ 〉, equations (29) and (30)
become the same. This will mean that equation (32) identically satisfies the approximation
discussed above.

Denoting the partial derivative with respect to the temperature T , at χ = const, by a
prime, we rewrite the system of equations (29) and (30) as follows:

E ′ ∂T

c∂ t
+
[
(1 + α)E ′ + α′ E

] ∂T

∂z
= 0, (36)

[
(1 − δ)E ′ − δ′ E

] ∂T

c∂ t
+
[
(1 + α − δ)E ′ + (α′ − δ′)E

] ∂T

∂z
= 0. (37)

If we divide by the factors at ∂T/c∂ t in equations (36) and (37) we obtain, to the linear
approximation with respect to the averages 〈ψ(p)〉 and 〈ζ 〉, the same equation:

∂T

∂ t
+ v(T )

∂T

∂z
= 0, (38)
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Figure 4. The dependence of the velocities v(T )
p(∞)

c
/c−1 (solid line) and v(T )

p(2)c
/c−1 (dashed

line) on the temperature T , calculated at the typical value χ = 0.02.

where we introduce the following notation:

v(T ) = c

[
1 + α + α′ E

E ′

]
. (39)

Taking into account the initial condition for the temperature

Tt=0 = T0(z), (40)

equation (38) determines the longitudinal evolution of the temperature and, correspondingly,
that of the phonon energy density of the strongly anisotropic phonon system.

The solution of the equation (38), which satisfies the initial condition (40), is determined
implicitly by the formula

T (z, t) = T0(z − v(T )t). (41)

From the expression (41) it follows that the value v(T ) determines the velocity with which
every value of the temperature T moves along the z-axis.

By using equations (39), (33), (23) and (24) we can analyse the dependence of the velocity
v(T ) on the temperature T . As follows from equations (24)–(26), for small values of T and
for not very small χ we have

v(T ) = c

(
1 − χ

2
+

27γ k2
BT 2

c2(p(∞)
c )2χ2

)
. (42)

Figure 4 shows the dependence of the velocity v(T ) on the temperature T , calculated at the
typical value χ = 0.02. The value v(T ) starts from the value v = c(1 − χ/2) at T = 0. The
decreasing value of the velocity v(T ) (figure 4, solid line) is due to the decreasing value of the
functionψ(p) at large momenta. This results in a negative contribution to the expression (39)
described by equation (28), which reduces the velocity.

In contrast, if the phonon system is in local equilibrium with the distribution function (3)
only for phonons with p < p(2)c , then the velocity v(T ) increases monotonically (figure 4,
dashed line), because in this case the main contribution to the average 〈(pψ(p))′〉 is determined
by phonons in the middle of the momentum range, where ψ(p) increases with increasing
phonon momentum p.

The longitudinal evolution of the strongly anisotropic phonon pulse, defined by
equation (41), depends on the behaviour of the function v(T ). If v(T ) increases monotonically
with increasing T , then the front of the pulse steepens with time, and the back is drawn out.
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Figure 5. We show how the phonon pulse shape has evolved after propagating 10 mm, in the frame
z ′ = z − ct that moves relative to the laboratory frame z, with sound velocity c, under various
conditions. The initial energy density is shown in (a). (b) shows the evolved energy density for the
strongly interacting and very anisotropic phonon system, when phonons with momentum p ∼< pc
are neglected. This corresponds to the monotonic velocity v(T ) (figure 4, dashed line). (c) shows
the evolved energy density for the strongly interacting and very anisotropic phonon system, when
phonons with momentum p ∼< pc are included. This corresponds to the non-monotonic velocity
v(T ) (figure 4, solid line). (d) shows the evolved energy density for the pulse of a non-interacting
phonon system that has the same initial distribution function as the strongly interacting phonon
system. The initial pulse is cylindrical with radius 0.564 mm, to simulate the finite size of the
heater. The numerical values are c = 238 m s−1, χ = 0.02 and lp = ctp = 0.238 mm.

This is realized in our case, when there are only phonons with p < p(2)c characterized by
the local equilibrium distribution function (3) (see figure 4, dashed line). This resembles the
situation for the ordinary hydrodynamics; in the course of time, the front of the pulse breaks;
the location of this is determined by the area rule.

If v(T ) depends non-monotonically on T , then a break can arise not only on the front,
but also on the back of the phonon pulse. We have this situation, when all �-phonons with
p < p(∞)

c are in equilibrium with the distribution function (3) (see figure 4, solid line).
In figure 5 we show calculations of the pulse shape after it has propagated away from the

heater. The input pulse, for the calculations, is shown in figure 5(a). The width at half-height
is 0.75 µs and the peak temperature is 0.04 K. A perfectly rectangular pulse would propagate
without any change of shape. However it is unstable to perturbations as it propagates, so we
have added a smooth rise and fall to the pulse to avoid infinitely steep sides.

In figure 5(b) we show the resulting pulse shape after 10 mm for the case when we ignore
the phonons with momentum p ∼< pc, but maintain the initial energy in the input pulse. We
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see that the leading edge has become vertical which is a result of the singular wave breaking.
This is due to the velocity of the pulse increasing with amplitude as described by equation (39)
and shown as the dashed line in figure 4(a). For pulses of smaller peak amplitude, the break
occurs at longer propagation distances.

In figure 5(c) we show the pulse shape after 10 mm when we include the phonons with
momentum p ∼< pc. These will be present at T = 0.04 K according to the correct distribution
function, equation (2). In this case we see that there are breaks at the back as well as the front
of the pulse. This comes from the region of negative gradient of the velocity graph, as a
function of temperature, shown as the solid line in figure 4. We see that the width of the pulse
is almost exactly the width of the initial pulse. If the temperature amplitude of the pulse is
less than 0.03 K, which is where the maximum velocity occurs, see figure 4, then the break at
the back of the pulse cannot form. This is due to the relatively small number of phonons with
momentum p ∼< pc at T = 0.03 K. In practice it may be hard to satisfy the condition that
the temperature is low enough that no h-phonons are created, and that the temperature is high
enough for there to be a relatively high number of phonons with p ∼< pc.

To compare with the behaviour of these strongly interacting phonon pulses, we show the
pulse shape for a similar pulse of non-interacting phonons in figure 5(d). This pulse mainly
expands longitudinally due to phonon dispersion. The angular distribution of the initial pulse
coupled with the finite size of the heater gives a relatively small contribution. We see that after
10 mm the pulse width is much larger than the initial pulse.

The important conclusion from these calculations is that phonon pulses show very little
longitudinal expansion when the phonons are strongly interacting but expand considerably
when the phonons do not interact. Furthermore it is clear from figures 5(b) and (c) that the
strongly interacting pulses travel at the sound velocity.

5. Discussion

We have derived the system of equations which describes the evolution of a �-phonon pulse in
superfluid 4He with the exact local equilibrium distribution function of the strongly anisotropic
phonon system. For a phonon pulse, where we neglect the transverse deformation, we have
obtained the equation for the longitudinal pulse shape,whose solution is a simple running wave.
This solution describes the longitudinal deformation of the temperature of the phonon system
under the condition of instant �-phonon relaxation and when we neglect the phenomenon of
h-phonon creation, i.e. an �-phonon pulse at a low temperature.

Earlier, in the work [18], we considered the evolution of the �-phonon system described by
the cone distribution. This distribution has the main characteristics of the strongly anisotropic
phonon systems, but it is not the exact local equilibrium distribution for the phonon collision
integral. Moreover the cone distribution has a different momentum dependence (see figure 1).
Nevertheless the two distribution functions give qualitatively the same results not only for the
transverse evolution [18, 19], but also for the longitudinal deformation of the phonon pulse.
Indeed, in [18] we have obtained the same type of equation differing only in the quantitative
behaviour of the velocity with which each value of temperature moves. So, we can conclude as
in [18] that in spite of rather large phonon dispersion, the pulse of strongly interacting phonons
deforms rather slowly. The extent of the deformation is given by difference v(Tmax)−c, where
Tmax is the maximum temperature of the pulse, while the phonon pulse formed by weakly
interacting phonons would deform much more strongly [20].

At present, it is not possible with the existing experimental techniques [6] to measure the
longitudinal structure of �-phonon pulses. The observation of the pulse shapes in figures 5(b)
and (c) would make it possible to decide whether phonons with momentum p ∼< pc
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significantly contribute or not. However, for the non-interacting phonon pulses, the dispersion
would result in an easily detectable longitudinal broadening, as is seen at high pressures where
the dispersion is normal and consequently there are no 3pp interactions [21]. As this is not
seen at zero pressure, we may say that the experiment [6] confirms that �-phonons interact
strongly.

New experimental results, concerning the longitudinal structure of the �-phonon pulses,
would help to answer the question of whether all phonons with momenta p < p(∞)

c , or
only phonons with p < p(2)c , are in equilibrium. Our theory predicts essentially different
deformations of the �-phonon pulses in these two cases.
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